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Peck [J. Econ. Theory 43 (1987), 348-354] gives an example of a static gencral
equilibrium economy with lump-sum taxes and transfers in which the set of equi-
librium moncey prices is not connected. Here an example is presented, based on that
of Peck, in which for a given tax policy the connectedness of the sct of equilibrium
money prices depends on the choice of the numcraire. Journal of Economic
Literature Classification Numbers: D51, E49, H20. €3 1992 Academic Press, Inc.

. INTRODUCTION

For the static general equilibrium economy with lump-sum taxes and
transfers denominated in money, Balasko and Shell [3, pp. 15-16] show
that the set of equilibrium money prices is the intersection of a ray and an
arc-connected set and that it can be not connected.' That is, for a given tax
policy as the price of money is increased eventually some taxed consumer
becomes “bankrupt” but it is possible that as the price of money is further
increased eventually all consumers become solvent again and competitive
monetary equilibrium is restored. Using the framework of Balasko and
Shell [3], Peck [7] provides a concrete example in which the sct of

* This paper is part of my doctoral dissertation which was written while 1 was at Cornell
University. | am grateful to Karl Shell for his encouragement and helpful comments. 1 also
thank an anonymous referee. Research support from National Science Foundation Grant
SES-9012780, the Thorne fund, and the Center for Analytic Economics at Cornell University
is gratefully acknowledged.

' For further results also see Balasko and Shell [4].
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cquilibrium money prices is not connccted when commodity 1 is the
numeraire.?

In this.note, I construct an example based on that of Peck [7] with
the property that, for the same tax policy, the set of money prices is a
(connected) interval when commodity 2 is the numeraire, even though the
set of money prices is not connected when commodity 1 is the numeraire.
The preferences in this example are strictly incrcasing and strictly convex.
Each indifference set is a smooth surface and the closure of each indifference
surface is contained in the strictly positive orthant. Hence, in a static,
monetary, exchange economy which satisfies the regularity assumptions of
Balasko and Shell [3], the connectedness of the set of equilibrium money
prices can be affected by the choice of the numeraire.

2. THE MoODEL

1 employ the notation of Balasko and Shell [3], with refinements
necessarry for identifying the numeraire choice. The example is for the case
of three consumers and two commodities. Let w = (w,, w,, w;)& (R )
represent the initial endowments of the economy where w,=(w}, w?)
represcnts the (strictly positive) initial endowments of consumer h
(h=1,2,3) of commodities | and 2. Denote commodity prices by the vec-
tor p=(p', p*)eR%L , where p’ represents the price of commodity i. A tax
policy is equivalent to a vector = (1,, 1,, 7,) € R® where |1,] represents the
money tax paid by consumer h if 1, is positive or money transfer (i,
negative money tax) received by consumer h il t, is negative. Let
p™ P eR, be the price of money when commodity i is the numeraire,
i=1,2, and let the set of equilibrium money prices for given endowments,
w, and tax policy, 1, be denoted by P™w, 1) =R, .

Depending on the choice of the numeraire, each,tax policy can be
represented by a reallocation of endowments. That is, a money tax on
consumer h equal to 1, is equivalent to a tax of p™t, units of (the
numeraire) commodity i It will be useful when calculating the set of
equilibrium money prices corresponding to the given tax policy to
define the associated endowment vector for each choice of the numeraire.
Let &'V =(w)—p™"r,, w?) be the associated endowment vector of
consumer h in the case where commodity ! is the numeraire and let
@ = (w}, w?— p™¥,) be the associated endowment vector of consumer
h in the case where commodity 2 is the numeraire.

The associated endowment vector of a taxed consumer will have negative

? Balasko and Shell {2] and Peck [8] do the same thing for the {infinite) perfect-foresight
overlapping-gencrations model.
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componcnts for some prices of money. However, given the specification of
preferences in this cxample, it is required that in equilibrium the consump-
tion of cach consumer (denoted by the vector x,=(x), x2) where x}
represents the consumption of commodity i by consumer /) lie in the
strictly positive orthant.

3. THE EXAMPLE

As in Peck [7], the initial endowments arc specified by w, = (4, 8),
w,=(20,4). w;=(4,8) and the tax policy is given by t=(20,0, —20).
Preferences for each consumer are completely described as follows®: For
consumer | (sce Fig. I), the preference map is built from three functions.
ui(x}):R, , >R, ,, k=1, 2, 3, which are assumed to be smooth, strictly
decreasing, and strictly convex and satisfy u](x])<ud(x])<ud(x}) for
x!>0. Furthermore, it is assumed that the function u*(x!) has the limits
lim u¥(x})=0 and lim ui(x{)= oo,

.v:—ow -0

for each k.* Using the functions uf(x}) the curves u* are defined as the

points (x}, u¥(x})) as x| varies over R, ,. The curves have slopes of —2
at the point (2, 4) on u}, —§ at the point (4, 3) on u?, and —1 at the point
(8,4) on uj. Below u| use radial projections of the curve u| towards the
origin. This may be done in a way which ensures that the preferences of
consumer | are homothetic to the southwest of u} (in particular the slopes
of the curves will be equal to —2 everywhere on the ray joining (0, 0) 1o
(2, 4)).% Indiffercnce curves between u} and u? and between u? and u} arc
in each case found using convex combinations of the two curves along rays
from the origin. Above u} indifference curves are formed using radial
projections of u3 away from the origin.

For consumer 2 (see Fig.2), the preference map is built from four
functions, w4(x}): R, , - R, ,, k=1,2,3,4, which are assumed to be
smooth, strictly decreasing, and strictly convex and satisfy uj(x})<

? The technique used in this example to construct the preference map of each consumer was
also uscd by Peck [7]. Peck attributes his inspiration for this method of filling in all the
indifference curves from a few specificd ones to Cass, Okuno, and Zilcha [6]. A detailed
explanation of these constructions, including precisely what is meant by the various types of
“convex combinations™ or “radial projections™ which are used here, is found in the Appendix
of the Cuss-Okuno-Zilcha paper (6, pp. 7t1-75].

“In order to dcfine a preference map which has the property that the closure of cach
indifference surface in R? is contained in R2 , , the limits of the functions, u(x}), used here
differ from those specified by Cass, Okuno, and Zilcha.

*See Cass, Okuno, and Zilcha (6. pp. 76-77].

CHOICE OF THE NUMERAIRE 209

-16 2!

-84

[PURPER I .-

FIGURE 1

u?(x3) <ud(x)) <ui(xi) for x;>0. Furthermore, it is assumed that the
function u%(x}) has the limits

lim wj(x})=0 and lim w}(x3)= oo,

x,—-fn -\'2-'
for each k. Using the functions u%(x3) the curves u% are defined as the
points (x1, u%(x})) as x} varies over R, , . The curves have slopes of —§
at the point (4,8) on ul, —{ at the point (16, 53) on u3, —4 at the point
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(16,20) on u3, and —20 at the point (20, 20) on u?. Below u! the indif-
ference curves are filled in using convex combinations of points on u} and
the point (0, 0). Between u} and u? convex combinations of these two
curves along rays from the origin are used. The indifference curves between
u} and uj are found by forming convex combinations of the two curves
along vertical lines. As a result of this construction, the offer curve between
uj and u} is a vertical segment given the endowment point (20, 4).® The
indifference curves between 13 and u} are found by forming convex
combmatlons of the two curves along horizontal lines. Radial projections
of uj are used above 13,

For consumer 3 (see Fig.3), the preference map is defined from five
functions, u¥(x}):R,, >R, ,, k=1, 2, 3,4, 5 which arc assumed to be
smooth, strictly dccreasing, and strictly convex and satisfy ul(x})<
u,(x,)<u.(r,)<u,(x,)<u,(x,) for x}>0. Furthermore, it is assumed
that the function u%(x}) has the limits

lim uj(x})=0  and lim u3(x})=oc0
[\]

.,-w -

for each k. Usmg the functlons u’(x}) the curves u} are defined as the
points (x}, #%(x})) as x! varies over R, .. The curve u} has a slope of —1

It is shown that this method of construction leads to a vertical offer curve relative to a
fixcd endowment point in the Appendix of the Cass, Okuno, and Zilcha (6, pp. 74-75).
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at the point (4, 8) and —3 at the point (9, 4). The curves u? and u} each
have slopes of —2 at the points (10, 4) and (12, 8), respectively. The curve
u3 has a slope of —} at the point (24, 4). The curve 3 has a slope of —}
at the point (20, 9) and —{; at the point (24, 83). Below u!} convex com-
binations of the points of u} and the point (0, 0) are used. Indifference
curves between u} and u? are formed using convex combinations of the two
curves along horizontal lines. Indiffercnce curves between 12 and u3 are
formed using convex combinations of the two curves along lines parallel to
the ray joining (10, 4) to (12, 8). This cnsures that the indifference curves
between u? and u3 have slopes of —2 everywhcre on the ray joining (10, 4)
to (12, 8). (Sce the Appendix.) Indiffcrence curves between u3 and uf are
formed using convex combinations of the two curves along rays from the
origin. Between -u} and uj convex combinations of the two curves along
vertical lines are used. Above u3, radial projections of u3 are used.

Note that the each of the preference maps which have just been
described corresponds to a utility function, U,, which is continuous,
strictly increasing, and strictly quasi-concave.’

CuaM L. P™Mw, 1), the set of equilibrium money prices when
commodity 1 is the numeraire, is not a connected set.

Proof. Since the numeraire is commodity 1, the effect on the economy
of altering the price of money (and/or altering the tax) can be represented
by taxes and transfers of commodity 1 which are reflected in the associated
endowment vectors @4’.® When p™!"=0 we have an equilibrium based
on the initial endowment with prices p= (1, 1) and allocations x, = (8, 4),
x;=(16,8), x,=(4,8). When p™'"=1 ‘the associated endowment is
ol =(-16,8), @%'=(20,4), @'’ =(24,8) and wec have an equilibrium
for the associated nonmonetary economy with prices p = (1, 4) and alloca-
tions x,=(4,3), x,=(4,8), x;=(20,9). Hence there exists a monetary
equilibrium in the original economy at p™"'=1 with commodity prices
p=(1,4). When p™")=1 the associated endowment is @&!{''=(—4,8),
@4 =(20,4), @V =(12,8). If p?<} then consumer 1 will have zero or

7 The proof of this assertion is found in the Appendix of Cass, Okuno, and Zilcha (6, p. 74]
for the case where the function uf(x}) (in the notation of this paper) is allowed to intersect
the horizontal and the vertical axis as x} varies over R, . In the Cass~Okuno-Zilcha paper
the utility level assigned to cach indiffercnce curve corresponds to the intersection of each
indifference curve with the vertical axis. However, it is not cssential to their argument that
utilities be assigned this way. The Cass—-Okuno-Zilcha argument can be repeated in the
framework of this example by defining the utility level assigned to each indifference curve
according to each indifference curve's interscction with any vertical line through the strictly
positive portion of the horizontal axis.

® This result is proven for the T period overlapping-generations model in Balasko and Shell
(5, pp. 136-138].
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ncgative wealth and thus can not consume inside the consumption sct. If
§<p?<3 then x}=16 and x}> 12 so there is excess demand for com-
modity 1. If p?>3 then x| >4. Now examinc the demand for commodity
1 by consumer 3. Consider a ray from the point (24, 4) with slope —} and
a ray from the point (24, 83) with slopc —iy. These rays intersect at
the point (6, 10). Since the indifference curves between u$ and wj arc
constructed using convex combinations of the two curves along vertical
lines, the offer curve relative to consumer 3's hypothetical endowment
point (6, 10) is the vertical segment between the points (24, 4) and (24, 84).
However, for each p?>3 the budget lines relative to the point (12, 8)
(which lies on the ray from the point (24, 4) with slope —1{) all have a
slope strictly greater, as they pass through the vertical segment betwecen the
points (24, 4) and (24, 8}), than the slopes of the budget lines relative to
the point (6, 10). Given convexity of the indifference curves it follows that
for p2>3, x}>24. Thus for p?>3, x] >4 and x}>24 so there is excess
demand for commodity 1. Thus there is no equilibrium for the associated
nonmonetary economy at p™ "' =1% and therefore there is no monetary
equilibrium at p™ "=}, Thercfore the set P™ "w, 7) is not connected. |

L {2 agep s
Ciaim 2. P™'w, 1), the set of equilibrium money prices when
commodity 2 is the numeraire, is a connected sel.

Proof. Since the numeraire is commodity 2 the effect on the economy
of altering the price of money (and/or altering the tax) can be represented
by taxes and transfers of commodity 2 which are reflected in the associated
endowment vectors @4, For @' = (&2, @Y, ') e R’ , there exists an
equilibrium for the associated nonmonetary economy.® Hence there cxists
a monetary equilibrium in the original economy at each p™ ¢ [0, }).

Now consider p™ ® e[}, 3). As p™ ' is increased from } towards % the
associated endowment vector, @'?, varies from ((4,0), (20, 4), (4, 16))
towards ((4,—8), (20, 4), (4, 24)) and therc exists a nonmonetary com-
petitive equilibrium for each associated endowment in this sequence where
p=(2.1), x,=(16, 12), and x, decreases linearly from (2, 4) towards (0, 0)
as x, increases linearly from (10, 4) towards (12, 8). Hence there exists a
monetary cquilibrium in the original economy at each p™ e[}, 3).

For p™'¥e(4 1}) there does not exist a monetary compeltitive
equilibrium. Consider an arbitrary p™ e[, 1§) and let &% be the
associated endowment where @P'e {(@} P, d+?) |} P'=4, —16<
orVg -8}, @P=(20,4), and OPe{(@}P 030y =4,
24<®3M <32} For p'< —@%'?/4 consumer 1 has zero or negative
wealth. if —@+?Y4 < p' < (@3 —4)/6 then X3+ x} > (4p' +4) +
(48 —8p")/(2+ p')>20 so there is excess demand for commodity 2.

¥ Sce Arrow and Hahn (1, pp. 107-128].
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Consider prices such that (&3 —4)/6 < p' < (@3 ' ~4)/5. I p' is within
this range of prices and p'<4 then xi=4p'+4> 17} whercas if p' is
within this range of prices and p'> 4 then x2>20. To see the latter result,
recall that the indifference curves between u3 and w3 are formed using
convex combinations of the two curves along horizontal lines. As a result
the offer curve relative to consumer 2’s hypothetical endowment point
(21, 0) is the horizontal segment between the points (16, 20) and (20, 20).
However for each p' such that p' is within the range of prices
(33 —4)/6<p' < (@3P—4)/5 and p'>4 the budget lincs rclative to
the point (20, 4) (which lies on the ray from the point (16, 20) with slope
—4) all have a slope strictly less, as thcy pass through the horizontal
segment between the points (16, 20) and (20, 20), than the slopes of the
budget lines relative to the point (21, 0). Given convexity of the indifference
curves it follows that x2> 20. Recall that the indiffcrence curves between u}
and u? are formed using convex combinations of the two curves along
horizontal lines. As a result the offer curve relative to consumer 3's
hypothetical endowment point (103,23) is a horizontal ray connecting
(9, 4) to (10,4). This implies that the slopes of the indifference curves
between u} and 12 as they pass through this horizontal segment vary from
—2 to —3. However for each (@} —4)/6 < p' < (@3 ' —4)/5 the budget
lines originating from consumer 3's associated endowment point (4, @)
pass through the horizontal segment between (9, 4) and (10, 4) with slopes
less than —34. Given convexity of the indifference curves it follows that for
(@3 -4)/6 <p' <(@F P —4)/5, x2>4. Thus for (@@ —4)/6<p'<
(&% —4)/5, x2> 17} and x}> 4 so there is excess demand for commodity
2. Consider p'> (@%® —4)/S. Again note that the offer curve relative to
consumer 2's hypothetical endowment point (21,0) is the horizontal
segment between the points (16,20) and (20, 20). However, for each
p'> (wk @ —4)/5 the budget lines relative to the point (20, 4) (which lies
on the ray from the point (16, 20) with slope —4) all, have a slope strictly
less, as they pass through the horizontal segment between the points
(16, 20) and (20, 20), than the slopes of the budget lines relative to the
point (21, 0). Given convexity of the indifference curves it follows that for
pt> (@%@ —4)/5, x3>20 so there is excess demand for commodity 2.
Thus there is no equilibrium for the associated nonmonetary economy for
p™ D e[4 13) and therefore there is no monetary equilibrium for p™ e
[3, 13).

Finally suppose p™ ® e [1}, ). If p' <4 then consumer | has zero or
negative wealth. If p' >4 then x2> 20 so there is cxcess demand for com-
modity 2. Thus there is no equilibrium for the associated nonmonetary
economy for p™®e[14, o) and thercfore there is no monetary equi-
librium for p™ @ e [14, o). Thus the set of equilibrium money prices is

PN, 71)=10,3). 1
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The results arc summarized in the following proposition.

PROPOSITION 1. In some static, monetary, exchange economies the
connectedness of the set of equilibrium money prices depends on the choice of
the numeraire.

Proof. Immediate from Claims | and 2. |

4. CONCLUDING REMARKS

It has becn shown that for an example of the static, monetary, exchange
cconomy with regular preferences, the connectedness ol the set ol equi-
librium money prices depends on the numeraire choice. The same example
can be reinterpreted in terms of a nonmonctary exchange economy in
which endowments may lie outside the strictly positive (or positive)
orthant and therefore outside the consumers’ consumption sets. Consider
the mapping which takes endowments into equilibrium prices. I have given
an example in which the projection of the equilibrium set down to the
endowment space has a “hole™ in the direction of the first endowment, as
we move away from the initial endowment, but does not have a hole in the
direction of the second endowment.

My analysis is based on two methods of normalization: p'=1 and
pl=1. The more general normalization would be ¢(p', p?) =1 where ¢(-)
is a nondecreasing function of (p', p?) and is increasing in either p' or p?
(or both). Given the economy and the tax policy, can one always find a
normalization ¢(-) such that the resulting set of equilibrium money prices
is connected? That is, is it impossible for the above-mentioned projection
to have a piece outside the strictly positive orthant that is not connected
to the piecc contained in the strictly positive orthant? This question
remains to be soived.

The question of whether the conncctedness of the set of equilibrium
money prices depends on the choice of the numeraire in the (infinite) over-
lapping-generations model of Balasko and Shell [2] is also left to future
research; cf. Peck [8].

APPENDIX

The construction of indifference curves beteen 12 and u3 which each have
a slopc of —2 along the ray connecting the points (10,4) and (12, 8)
procecds as follows.' The curves between u3 and u} have been defined

relative to a Cartesian plane with xj on the horizontal axis and x2 on the

"The technique used here is based on that used by Cass, Okuno, and Zilcha [6, pp. 71-75]
to construct an cxample of a utility function which yiclds a vertical segment on the offer curve.
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vertical axis. Relative to this set of points, define a new pair of axes with
z} and z2 representing points on the horizontal axis and the vertical axis,
respectively, by shifting the intersection of the x} axis and the x3 axis from
the point (0, 0) to the point (8, 0) and rotating the plane so that the 2z} axis
in the newly defined Cartesian plane has a slope of —j relative to the
original plane (See Fig.4.). Relative to the new coordinates the curves ul
and u} each have a slope of —3 at the points (0.\/2_0) and (O, \/870-),
respectively. The desired construction may nqw be performed with respect
to the newly defined coordinates.

It must be shown that curves may be constructed between u} and u3}
which each have a slope of —3 along the newly defined z3 axis. The curves
u} and u} have the following relationships to the budget constraints
J20— 3z} and /80 — 3z} (as defined using the new coordinates over the
appropriate range) respectively:

u§(z}){:}\/i)—%z§ as z},{#}o
and
ui(z}) {i} J80—-3z}  as z} {;e} 0.

Let
e J80 2% ,
/80— /20

2 3 @
*3 vz %
v
8
\ )
Beaij el
+ (3 -u)u%(l‘a)

3

FIGURE 4
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where \/_\‘.‘ \/_ The indifference curves between u3 and u} are
dcfined as convex combinations of (z3,13(z3)) and (23, ud(z!})) using the
weights @ and | —a, respectively. That is, the indifference curves beteen 3
and 3 arc defined by the equations

2 _ \/S_O_Zgl 21 ( (\/_0 )) 3,1
z3 —_—\/8_0—\/2_0 uy(zy) + \/—0 \/_0 u3(z3)

for z}eR and \/_ <z? \\/_0 [t remains to verify that cach of these
mdlﬂ’crcncc curvcs so constructed will have a slope of —3 at the points

0,:z¥), \/_Os s\/ﬁ) Note that the budget constraint z3 =23~ 3z} is
ldcntlcal to that obtamcd b tdkmg the same convex combination of the
two budget constraints \/i)y 3z} and \/_0— iz} That is,

4 <f -

Thus it follows that

\/@ z¥

== ui(z})

u
80—./20 °

80 = 72’ > #
(1= () wen {Z} -1 w2
/80— ./20 = : =

for /20 <23’ < ./80, which is the desired result.
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